Sequences and Series of Functions-1

Consider sequences and series whose terms depend on a variable, i.e., those whose
terms are real valued functions defined on an interval as domain. The sequences
and series are denoted by {f,} and 2f, respectively.

Point-wise Convergence

Definition. Let {f,},n=1, 2, 3,...be a sequence of functions, defined on an interval
I, a < x <b. If there exits a real valued function f with domain I such that

f(x) = lim {f,(x)}, Vxel

Then the function f is called the limit or the point-wise limit of the sequence {f,}
on [a, b], and the sequence {f,} is said to be point-wise convergent to fon [a, b].

Similarly, if the series 2.f, converges for every point xel, and we define
fx)=2 f.(0,  Vxelab]
n=0

the function f'is called the sum or the point-wise sum of the series 2_f, on [a, b].
Definition.  If a sequence of functions {f,} defined on [a, b], converges poinwise
to f, then to each € > 0 and to each x € [a, b], there corresponds an integer N such
that

Ifa(x) —f(x) <€, Vn>N (1.1)
Remark:
1. The limit of differentials may not equal to the differential of the limit.

Consider the sequence {f,}, where f,(x) = sihax , (x real).

Vn

It has the limit
f(x) = lim f,(x) =0

n—oo

f'(x)=0, andso f'(0)=0



But
f'(x) = +/n cos nx
so that
£'(0) = v/n —>o0 as n—oo
Thus at x = 0, the sequence {f', (x)} diverges whereas the limit function f'(x) =0,

2. Each term of the series may be continuous but the sum f may not.

Consider the series

© 2
X
f, , where fy(x) = ——— (x real
2%% (%) Ll ( )

At x =0, each f(x) = 0, so that the sum of the series f(0) = 0.
For x # 0, it forms a geometric series with common ratio 1/(1 + x%), so that
its sum function f(x) = 1 + x*.
Hence,
f(x) = {1+x2, x#0
0 ,x=0
3. The limit of integrals is not equal to the integral of the limit.
Consider the sequence {f,}, where
f(x) =nx(1 —x»)",0<x<1,n=1,2,3,...

For 0<x<1, limf,(x)=0
n—oo
Atx =0, each f,(0) = 0, so that lim f,(0) =0
n—oo

Thus the limit function f(x) = lim f,;(x) =0, for 0 <x <1
n—oo

1
jf(x)dx= 0
0

Again,

1 1
jfn(x) dx =jnx(1—x2)“ dx =
0

0

n
2n+2




so that

1
lim {jf (x) dx} -1
noeo |9 2

Thus,

1

1 1
lim “f dx}i!f dx=£[g?o {fn}]dx

Uniform Convergence

Definition. A sequence of functions {f;} is said to converge uniformly on an
interval [a, b] to a function f if for any € > 0 and for all x € [a, b] there exists an
integer N (independent of x but dependent on €) such that for all xe[a, b]
Ifa(x) — f(x)| <&, ¥Vn>=N (1)

Remark. Every uniformly convergent sequence is pointwise convergent, and the
uniform limit function is same as the pointwise limit function. But the converse is
not true. However non-pointwise convergence implies non-uniform convergence .
Definition. A series of functions 2 f, is said to converge uniformly on [a, b] if the

sequence {S,} of its partial sums, defined by
Sa(x) = D fi(x)
i=1

converges uniformly on [a, b].
Definition. A series of functions 2 f,, converges uniformly to fon [a, b] if for € >0
and all x € [a, b] there exists an integer N (independent of x and dependent on &)
such that for all x in [a, b]

Ifi(x) + fH,(x) + ... + fu(x) — f(x)| <g, forn>N



Theorem (Cauchy’s Criterion for Uniform Convergence). The sequence of
functions {f;} defined on [a, b] converges uniformly on [a, b] if and only if for
every € > 0 and for all x € [a, b], there exists an integer N such that

[fop(X) —fa(x) | <€, Vn=>N,p=1 ...(1)
Proof. Let the sequence {f,} uniformly converge on [a, b] to the limit function f, so
that for a given € > 0, and for all x € [a, b], there exist integers n;, n, such that

| fa(x) — f(x)| <&/2, Vn=n
and

[fhip(X) — f(X)| <€/2, Vnz2n,p=1
Let N =max (nj, ny).

[fnip(X) = fa(] < [faip(x) = T + [fa(x) = f(x)]
<gl2+el2 =g, ¥V n>N,p>1
Conversely. Let the given condition hold so by Cauchy’s general principle of
convergence, {f,} converges for each x € [a, b] to a limit, say f and so the sequence
converges pointwise to f.
For a given € > 0, let us choose an integer N such that (1) holds. Fix n, and

let p—>oo in (1). Since f,.,—>fas p — oo, we get

[f(x) — fu(x)| <e Vv n2>N,all x €[a, b]
which proves that f,(x) — f(x) uniformly on [a, b].
Remark. Other form of this theorem is :
The sequence of functions {f,} defined on [a, b] converges uniformly on [a, b] if
and only if for every € > 0 and for all x € [a, b], there exists an integer N such that

[fa(x) — fn(x)| <&, Vnm=N

Theorem 2. A series of functions 2, defined on [a, b] converges uniformly on
[a, b] if and only if for every € > 0 and for all x€[a, b], there exists an integer N
such that

fas1(x) + fra(X) +...+ fp(X)| <e, Vn2N,p2=1 ...(2)

Proof. Taking the sequence {S,} of partial sums of functions 2_f;,, defined by



S490 = Y £(x)
i=1

And applying above theorem, we get the result.

Example . Show that the sequence {f,}, where

fu(x) = for x € [a, b].

b
1+n%x?

is not uniformly convergent on any interval [a, b] containing 0.

Solution. The sequence converges pointwise to f, where f(x) =0,  V real x.

Let {f,} converge uniformly in any interval [a, b], so that the pointwise limit is also
the uniform limit. Therefore for given £>0, there exists an integer N such that for all
x€[a, b], we have

nx

1+n%x?

0l<eg, Vn=N

If we take € = %, and t an integer greater than N such that 1/t € [a, b], we find on

taking n =t and x = 1/t, that

nx

1
1+n°x? _5{

= €.

1
3
which is a contradiction and so the sequence is not uniformly convergent in the
interval [a, b], having the point 1/t. But since 1/t—0, the interval [a, b] contains O.
Hence the sequence is not uniformly convergent on any interval [a, b] containing 0.
Example . The sequence {f,}, where

fu(x) =x"
is uniformly convergent on [0, k], k < 1 and only pointwise convergent on [0, 1].
Solution.

0, 0<x<l1

f(x) = lim £ (x) :{
n—»ow ], x =1

Thus the sequence converges pointwise to a discontinuous function on [0, 1]

Let £ > 0 be given.



For 0 <x <k <1, we have
Ifa(x) — f(x)| =x"<¢
if

or if
n > log (1/¢)/log(1/x)
This number, log (1/¢)/log (1/x) increases with x, its maximum value being
log (1/€)/1og(1/k) in ]0, k], k > 0.
Let N be an integer > log (1/¢)/log(1/k).
Ifa(x) — f(x)| <&, Vn>2N,0<x<1
Again at x = 0,
Ifa(x) — f(x)|=0<e¢, V nx1
Thus for any € > 0, 3 N such that for all xe[0, k], k<1
Ifa(x) — f(x)| <e, Vn=>N
Therefore, the sequence {f,,} is uniformly convergent in [0, k], k < 1.
However, the number log (1/¢)/log (1/x)—o as x—1 so that it is not
possible to find an integer N such that |f,(x) — f(x)| < ¢, for all n > N and all x in
[0, 1]. Hence the sequence is not uniformly convergent on any interval containing
1 and in particular on [0, 1].
Example . Show that the sequence {f,}, where

1
X+n

fa(x) =

is uniformly convergent in any interval [0, b], b > 0.
Solution. The limit function is

f(x) = limfy(x) =0 Vv x € [0, b]

so that the sequence converges pointwise to 0.

For any € > 0,



0 - 109]= — <

if n > (1/¢) — x, which decreases with x, the maximum value being 1/¢.
Let N be an integer > 1/g, so that for € > 0, there exists N such that
Ifa(x) — f(x)| <&, Vn=>N

Hence the sequence is uniformly convergent in any interval [0, b], b > 0.

. X2 . . .
Example . The series 2f;,, whose sum to n terms, S,(x) =nxe "™ , is pointwise and
not uniformly convergent on any interval [0, k], k> 0.

Solution. The pointwise sum S(x) = lim S,(x) = 0, for all x > 0. Thus the series
n—oo

converges pointwise to 0 on [0, k].
Let us suppose, if possible, the series converges uniformly on [0, k], so that

for any € > 0, there exists an integer N such that for all x > 0,

ISa(x) — S(x)| = nxe_nxz <e, Vn>N ()
Let Ny be an integer greater than N and e’¢”, then for x = 1/ \/N_O and n = Nj, (¥)
gives

\/No/e <g = Nyp< e2e?
so we arrive at a contradiction. Hence the series is not uniformly convergent on
[0, k].
Note . The interval of uniform convergence is always to be a closed interval, that is
it must include the end points. But the interval for pointwise or absolute
convergence can be of any type.
Theorem 3. Let {f,,} be a sequence of functions, such that

I}gr; fu(x) = 1(x), x € [a, b]

and let

M, = Sup [fy(x) - f(x)|
xela,b]

Then f,—f uniformly on [a, b] if and only if M;,—>0 as n—oo.



Proof. Let f;, — funiformly on [a, b], so that for a given £>0, there exists an integer
N such that
Ifa(x) — f(x)| <e, Vn=>N, Vx e [ab]

= M, = Sup [fi(x) — f(x)| <&, Vn=>N
xela,b]
= M, — 0,as n— o

Conversely. Let M, — 0, as n — oo, so that for any € > 0, 3 an integer N such that

M, <g, Vn>N
= Sup [fu(x) — f(x)| <e, Vn>N

xela,b]
= Ifa(x) — f(x)| <e, Vn>N, Vxe]la,b]
= f, = funiformly on [a, b].

Example. Show that 0 is a point of non-uniform convergence of the sequence {f,},
where f3(x) = 1-(1 — x*)".
Solution. We have
Ma = sup {[fa(x) = ()] : x €]0, [}
= sup {(1-x*)™ x €] 0, V2[}

1Y : 1
> (I_HJ {Takmg X —E €]0, \E}

1
— —as n—o.
e

Thus M, cannot tend to zero as n—co.

It follows that the sequence is non-uniformly convergent.

Also as n—o0, x—0 and consequently 0 is a point of non-uniform convergence.
Example . Prove that the sequence {f,}, where

X

> x real

fa(x) =
1+nx

converges uniformly on any closed interval I.

Here pointwise limit,



f(x) = lim f,(x)=0, Vx
n—oo

M, = Sup| f, (x) - f(x) | =Sup

xel xel

1 +nx?

———)O as n— o

24n

Hence {f,} converges uniformly on I.

. . 1 . .
attains the maximum value at x =—, 1.e. at the orlgln}

X 1
[l—knxz 24/n Jn

Example . Show that the sequence {f,}, where

2
fux) = nxe™ , x>0
is not uniformly convergent on [0, k], k>0

Solution.  f(x)= limf,(x)=0, Vx>0
n—oo

) ) ) n 1
Also nxe™ attains maximum value ,|— at X =——
2e A/2n
Now

M= Sup |[fu(x) - f(x)|
x€[0,k]

= Sup nxe " ‘/ — 00 as N—>®©
x€[0,k]

Therefore the sequence is not uniformly convergent on [0, k].

=

Example. Prove that the sequence {f,}, where fy(x) = x™' (I —x) converges
uniformly in the interval [0, 1].

Solution. Here f(x) = lim x"' (1 -x)=0 V x €[0, 1].

Let y=I[fix)-fx)=x""(1-x)

Now y is maximum or minimum when

dy =(n-Dx"*(1-x)-x""=0
dx

X" [(n 1) (1-x)—x] =



n-—1

or x=0or
n
2
n_
Aso —=-ve when x=-—
dx n
1" n-1) 1
Mn=maxy=(1+—j (l——j—)—x0=0asn—>oo.
n n e

Hence the sequence is uniformly convergent on [0, 1] by M,-test.

Example. Show that 0 is a point of non-uniform convergence of the sequence {f,},
where f;(x) = 1-(1 — x*)".

Solution. Here

0 when x=0

f(x) = lim f (x) =
(0= m £,(x) {1 when 0<1|x]<+2

Suppose, if possible, that the sequence is uniformly convergent in a

neighborhood ]0, k[ of 0 where k is a number such that 0 <k < V2 . There exists

therefore a positive integer m such that

() — )| < 5, taking € = .,

e if (1" < 3 for every xe]0, kL.

. 2 . .. . .
Since (1-x°)"—1 as x—0, we arrive at a contradiction. Hence 0 is point of
non-uniform convergence of the sequence.

Example. Test for uniform convergence the series

Z xe ™ in the closed interval [0, 1].
n=0

n—1 _ nx
Solution. Here f,,(x) = er-nx _ w
n=1 1-1/e

xe* ( 1 j
= 1+
e" -1 e™

10



0 where x =0

Now f(x) = lim f (x) = X
) e (%) Xe when 0 <x <1

e’ —1
We consider 0 <x < 1. We have
M, = sup {[fu(x) — f(x) : x € [0, 1]}

= su Xex .
= sup {—(ex “he X € [0,1]}

1/n
, 1/ine " (Taking x=le [0,1]}
(e =De n
1/xn
Now lim 1/11/1—6 Form 9
n—oo (e n —_ 1) O

. 1/ne""(=1/n*)+(=1/n%)e""
- llI{} 1/n 2
> ee’"—(-1/n%)

~ lim 1/n+1) :(O+1):l.
n—o e e e

Thus M, does not tend zero as n—o.

Hence the sequence is non-uniformly convergent by M,-test.
Here 0 is a point of non-uniform convergence.
Example . The sequence {f,}, where

X

n
fl‘l X)= ——
®) 1+n%x?

is not uniformly convergent on any interval containing zero.
Solution. Here
lim f,(x) =0, vV x
n—oo
nx . : 1 1 1
Now ——— attains the maximum value — atx = —; —

1+n*x? 2 n-n

n—oo. Let us take an interval [a, b] containing 0.

Thus

11

tending to 0 as



M= Sup [fu(x) — f(x)|

xefa,b]
nx
= Sup >
xela,b] 1+n°x
1 .
= > which does not tend to zero as n—co.

Hence the sequence {f,} is not uniformly convergent in any interval

containing the origin.

Theorem 4. (Weierstrass’s M-test). A series of functions 2f, will converge
uniformly (and absolutely) on [a, b] if there exists a convergent series 2.M, of
positive numbers such that for all x €[a, b]
[ta(X)| < M,, for all n
Let € > 0 be a positive number.
Since 2 M, is convergent, therefore there exists a positive integer N such
that
Mp+1 + Mpiz + ... Mpip| <& Vn2N,p>1 ...(1)
Hence for all xe [a, b] and for alln > N, p > 1, we have
F0s100) + F2() + ot Faip(O] £ (a1 GO + 2]+ oo (g -.-(2)
SMpr1 + Mpsz + .00+ Mysp
<g ...(3)
(2) and (3) imply that 2f;, is uniformly and absolutely convergent on [a, b].
Example. Test for uniform convergence the series.
. X . X
RS T

X
Solution. (i) Here uy,(x) = ————.
(1) (%) 1 x)

12



du, (x) _

dx
or (n+ Xz)z — 4x? (n+ Xz) =0

3x*+2nx® —n%?=0

0

Now uy(x) is maximum or minimum when

, n. n
or X"=—ie x=,|—.
3 3

2
If will be seen that du—ngx) 1s —ve when x = \/E .
dx 3

n
333y

( n)2_16n3/2_ "
n+—
3

Therefore [un(x)| £ M.

Hence Max uy(X) =

But 2. M, is convergent.
Hence the given series is uniformly convergent for all values of x by Weierstrass’s
M test.
(i1) Here upy(x) is Maximum or minimum when
n(l +nx%) -2n’x*=0 or x== 1/\(n).

. 1 :
It can be easily shown that x = T makes u,(X) a maximum.
n

1/4n 1

n(1+1) 2n*?

Hence Max u,(x) = =M, . But 2 M, is convergent.

Hence the given series is uniformly convergent for all values of x by

Weierstrass’s M-test.

)
X

Example :- Consider 2—2, x eR.
on(l+nx”)

We assume that x is +ve, for if X is negative, we can change signs of all the terms.

We have

13



X

h(x)=———-
n(l+nx?)
and fi(x) =0
implies nx* = 1. Thus maximum value of f,(x) is —77
2n
Hence fu(x) < 5372
Since Z% is convergent, Weierstrass’ M-Test implies that Z% 1s
n o n(l+nx7)
uniformly convergent for all xeR.
Example :- Consider the series Z% , X ER. We have
n=I (n +X )
X
fil(x)=——5—
T (m+x?)?
252 2
and so £,(x) = (n+x7)" -2x(n+x7)2x

(n+x?)*
Thus £} (x) =0 gives
xt+x?+ 2nx* —4nx® —4x* =0
-3x*-2nx* +n*=0
or 3x*+2nx* —n* =0

2 n n
or XZEOTX: -

3

Also f(x) is —ve. Hence maximum value of fy(x) is 3\/§2.Since Z% is
6n n

convergent, it follows by Weierstrass’s M-Test that the given series is uniformly

convergent.

14



: X . .
Example . The series Zp—z converges uniformly over any finite interval [a,

n? +x°nf
b], for () p>1,q=>0 (i) 0<p<l1, ptq>2
(1) Whenp>1,q=0
X a
N

where o0 > max {|a, |bl}.
The series 2.(a / n”) converges for p > 1.
Hence by M-test, the given series converges uniformly over the interval [a, b].

(i) When0<p<1,p+q>2.

. . 1 :
|f,(x)| attains the maximum value ——— at the point, where x’n* = n”
1(p+q)
n2
1
()] £ ———
1(p+q)
2n?

. 1 . .
The series Z— converges for p + q > 2. Hence by M-test, the given series
L(p+q)
2
n

converges uniformly over any finite interval [a, b].

Example . Test for uniform convergence, the series

2x  4x°  8x’ 1 1
>+ s gt X<~
1+x 1+x 1+x 2 2
21’1X2n—1
Solution. The nth term f,(x) = -
1+x?

| £, < 2% 0)> !

where [x| < a <

N | —

n
The series Y2"(a)* ' converges, and hence by M-test the given series

converges uniformly on {—%, E} .

15








