Sequence of functions

* Definition:
A sequence of functions is simply a set of

functionsu(x),n=1, 2,...definedon a
common domain D.

* Afrequently used example will be the
sequence of functions {1, x, X, .. .}, x € [-1, 1]



Sequence of Functions Convergence

* Let D be a subset of R and let {u_} be a sequence
of real valued functions defined on D. Then {u_}
converges on D to g if

limu, (x)=g(x)

R—>00

foreachxeD

* More formally, we write that
limu, =g

if given any x € D and given any € > 0, there exists
a natural number N = N(x, € ) such that

u, (x)—g(x)|<£, Vn=N




Sequence of Functions Convergence

* Example 1
Let {u } be the sequence of functions on R
defined by u, (x) = nx.

This sequence does not converge on ‘R
because limu, (x)=0 forany x>0

H—C



Sequence of Functions Convergence

* Example 2: Consider the sequence of

functions

u, (x): — |x’<oo, n=1723_

The limits depends on the value of x

We consider two cases, x =0and x #0
1.x=0- limu, (0)=liml=1

2.x#0 =2 limun(x)zlim 1

n—>c0 n—>0 I+ nx

=)



Sequence of Functions Convergence

Therefore, we can say that {u_} convergesto g
for |x| < oo, where

0, x=#0

g(x):{l, x=0



Sequence of Functions Convergence

 Example 3:

Consider the sequence {u,} of functions
defined by

P

nx+ x .

u, (x) =——-—, forallxinR
n

Show that {u,} converges for all xin ‘R




Sequence of Functions Convergence

Solution

For every real number x, we have

2
limu, (x)=lim >+ = x[lim1]+x2 [limlzj =0+0=0
H—>o0 H—% H

i) n—ro n n—o 14!

Thus, {u,} converges to the zero function on
R



Sequence of Functions Convergence

* Example 4:

Consider the sequence {u,} of functions
defined by
sin (nx +3)

0 (9=

Show that {u,} converges for all xin ‘R

., forallx in R




Sequence of Functions Convergence

* Solution
For every real number x, we have
-1 . sin(nx + 3) 2 1
Jn+l  n+l  Jr+l
Moreover, ; |
lim =0
n=% \Jn+1

Applying the squeeze theorem, we obtain that

limu, (x)=0, forallxin R

-0

Therefore, {u.} converges to the zero function on ‘R



Sequence of Functions Convergence

« Example 6
Consider the sequence {f } of functions defined
by £, (x)=x", x€[0,1], n=12,..

We recall that the definition for convergence
suggests that for each x we seek an N such that
f, (x)—g(x)‘-::s, Vn=N

This is not at first easy to see.

So, we will provide some simple examples
showing how N can depend on both x and ¢



Sequence of Functions Convergence

1. x = 0. Here we have fy(0) = 0 for all n. So, given € > 0 we seek
an N such that |f,(0) — 0| < €,Vn > N. Inserting fn(0) = 0, we
have 0 < €. Since this is true for all n, we can pick N = 1.

x K= % In this case we have _f,,(%) — 51;7, forn—1,2.... a0
gets large, fn — 0. So, given € > 0, we seek N such that |21—,,, —0| <
€, Vn > N. This means that 21—" < €. Solving the inequality for
n, we have n > _% We choose N > —L’:—S. Thus, our choice of
N depends on €. For, € = 0.1, this gives

— In0.1 B In10 _

— = ~ 3.32.
_ In2 In2 -

So, we pick N = 4 and we have n > N = 4.



Sequence of Functions Convergence

3 ¥= 1%. This can be examined like the last example. We have

fﬂ(%—o) = %,for n = 1.2..... This leads to N > —% For
€ = 0.1, this gives N > 1, orn > 1.

g = 1%. This can be examined like the last two examples. We have
n .
fu(1y) = (15) . for n =1,2,.... So given an € > 0, we seek an
n
N such that ( 1%) < € for all n > N. Therefore,

Ine
In (15)

For € = 0.1, we have N > 21.85,0orn > N = 22

n>N2>

So, for these cases, we have shown that N can depend on both x and e.



Series of Functions

* Definition:
An infinite series of functions is given by

iun (x), x € D.



Series of Functions Convergence

« D u,(x) is said to be convergent on D if the
sequence of pNartiaI sums {S,(x)},n=1, 2, ...,
where s, (x)=>f,(x) is convergent on D

+ In such case we write limS, (x)=S(x) and call

n—>00

S(x) the sum of the series
* More formally,

if given any x € D and given any € > 0, there
exists a natural number N = N(x, € ) such that

Sn(x)—S(x)‘<£, Vn>N



Series of Functions Convergence

* |If N depends only on € and not on x, the series
is called uniformly convergent on D.



Series of Functions Convergence

Find the domain of convergence of (1 —x) +
X(1—x)+x%(1—-x)+....



Exercise

1. Consider the sequence {f_} of functions
defined by f, (x) =n’x" for 0 < x < 1.
Determine whether {f } is convergent.

2. Let {f.} bethe sequence of functions defined
by £, (x) =cos” (x) for —n/2 < x < 7/2.
Determine the convergence of the sequence.

3. Consider the sequence {f_} of functions
defined by f, (X) ZM(I—X)H on [0, 1]

Show that {f _} converges to the zero function



Exercise

4. Find the domain of convergence of the series

a) 3% gyl

n=1 N n=1 3” l)
N - 1—x
C) ;n(ler ) ) Z;‘n {l+xj
e
) ;n -1+

5. Prove thath:G(an)) x" converges for

-1<x<1



Exercise

6. Investigate the uniform convergence of the
series

D{h

+ n 1)xﬂ1+nx]

7. Let f() L O<x<l a=123.
1+ nx

Prove that {f, } converges but not uniformly on
(0, 1)




