2. Random Variables

We begin the discussion with a very simple example.
Example: Let the random experiment be the toss of a coin and let the sample space associated
with the experiment be C = {H, T}, where H and T represent heads and tails, respectively.

Let X be a function such that X(T) =0 and X(H) = 1.

Thus X is a real-valued function defined on the sample space C which takes us from the sample
space C to a space of real numbers D = {0, 1}.

We now formulate the definition of a random variable and its space.

Definition 2.1. Consider a random experiment with a sample space C. A function X, which
assigns to each element ¢ € C one and only one number X(c) = X, is called a random variable.
The space or range of X is the set of real numbers D = {x : x = X(c), c € C}.

Definition 2.2. We call random variables of the first type discrete random variables, while we
call those of the second type continuous random variables.

Definition 2.2a Consider X is a discrete random variable with a finite space, D = {d1, ..., dm}.
Define the induced probability distribution of X, the function px(di) on D by

px(di) = P[{c: X(c) =di}], fori=1,.... (2.1)

Definition 2.2b. Suppose, X is a continuous random variable, then D is an interval of real
numbers. We determine a nonnegative function fx(x) such that for any interval of real numbers
(a, b) € D, the induced probability distribution of X, px(-), is defined as

px[(@ b)] =P[{c € C:a<X(c) <b}] = [ X() dx  ...(2.2)

Definition 2.3 (Cumulative Distribution Function). Let X be a random variable.
Then its cumulative distribution function (cdf) is defined by Fx(x), where

Fx(X) =Px((-o0, X]) =P({c € C: X(C) <X}).  .oeriririnn. (2.3)
We can write, P({c € C : X(c) <x}) to P(X <£x).

Example 2.1. Suppose we roll a fair die with the numbers 1 through 6 on it.

Let X be the upface of the roll.

Then the space of X is {1, 2, ..., 6} and its pmf is px(i) = 1/6, fori=1,2, ..., 6.

If x <1, then Fx(x) = 0.
If 1 <x <2, then Fx(x) = 1/6.



Example 2.2. Let X be the number chosen at random from the interval (0, 1).
In this case the space of X is D = (0, 1). Because the number is chosen

at random, it is reasonable to assign

Px[(a,b)]=b—a, for0O<a<b<1. (2.4)

It follows that the pdf of X is

fx(X) = 10<x <1, and =0 elsewhere.

Then, we have

g

We now obtain the cdf of X. First, if

If 2 < 0then P(X < z) = [T fx(t)dt = [7_0dt = 0,if 0 < z < 1 then
P(X <a)=["_fx(t)dt = [°_fx(@)dt+ [ fx(t)dt = [°_0dt+[] 1dt = z, and

if z > 1then P(X <) = ["_fx(t)dt = ["_ fx(t)dt+ [, fx(t)dt [ fx(t)dt =
I i)% 0dt + __["01 ldt+ [[0dt =0+1+0=1. So the cumulative distribution function

is
0 ifz<0
FX(ET)ZPX((—X:ZE]):/ fx@Wdt={ & if0o<z<
_ 1 ifz> 1.

Note that we have
Fy(z)= / fx(t)dt, forall x e R,

and 3”';}_ x(x) = fx(z), for all z € R, except for r =0 and x = 1.



Theorem 2.1. Let X be a random variable with cumulative distribution function
F(x). Then

(a) For alla and b, if a < b, then F(a) < F(b) (F is nondecreasing).
(b) imy_._ . F(x) =0 (the lower limit of F is 0).
(c) imy_.oo F(x) =1 (the upper limit of F is 1).
(d) hm, | o F(x) = F(xo) (F is right continuous).
Proof: We prove parts (a) and (d) and leave parts (b) and (c) for Exercise 1.5.10.

Part (a): Because a < b, we have {X < a} C {X < b}. The result then follows
from the monotomcity of F; see Theorem 1.3.3.

Part (d): Let {z,} be any sequence of real numbers such that z,, | z,. Let C, =
{X < z,}. Then the sequence of sets {C} is decreasing and N;=,Cy = {X < g}
Hence, by Theorem 1.3.6,

lim F(z,)=P (ﬁ Cn) = F(zo),

which 1= the desired result. B

Theorem 2.2. Let X Ee a .mndﬂm variable with the cdf Fx. Then for a < b,
Pla < X < b] = Fx(b) — Fx(a).

Proof: Note that
- X <b)={-xo<X<a}U{a<X <b}.

The proof of the result follows immediately because the union on the right side of
this equation is a disjoint union. W



Theorem 2.3.

For any random variable,

P[X = 2] = Fx(z) — Fx(z-),

for all x € R, where Fx(r—) = lim.1. Fx(z).
Proof: For any = € R, we have

{ﬂ=ﬁ(w&J}

n=1

that is, {x} is the limit of a decreasing sequence of sets. Hence, |

Afe-ter=d)]

n=1

P

e
B
I

=8
[

= ]ij{I—l-::Xﬁ_ir,

= lim [Fx(z) — Fx(z — (1/n))]
= Fx(z)—- Fx(z-),

Example 2.3.
Let X have the discontinuous cdf

0 r=0
Fylz)=4¢ /2 0<x <=1

1 1<
Then ! )
P(-1<X <1/2)=Fx(1/2) - Fx(-1) =1—l]= I
and ) )
PX=1)=Fx(l)-Fx(1-)=1- 3=3
The value 1/2 equals the value of thestepof Fy at z =1. B
Example 2.4.

Suppose X has the pmf

ez x=1,2,...,10
px(z) = 0 elsewhere,

for an appropriate constant ». Then

10 10
1= px(z) =) er=c(1+2+-- +10) = 55,
=] =]

and, hence, ¢ = 1/55. ®



Example 2.5.
Suppose X has the pdf

crd Docx<?
fx(z)= { 0 elsewhere,

for a constant ¢. Then
2

2 7
1 =/ CISEEI=C|:—:| = dr,
0 4],

and, hence, ¢ = 1/4. For illustration of the computation of a probability invelving
X, we have

1 Logd 255
P(E{X{1)=j:f4?dx= m%:n.nmzﬁ. ]

Definition 2.4.

A random variable is a discrete random wvariable if the space

(its range) is either finite or countable.

Example 2.6. A lot, consisting of 100 fuses, is inspected by the following proce-

dure. Five of these fuses are chosen at random and tested; if all five “blow™ at the

correct amperage, the lot is accepted. If, in fact, there are 20 defective fuses in the
lot, the probability of accepting the lot is, under appropriate assumptions,

(%)

(3
More generally, let the random variable X be the number of defective fuses among
the five that are inspected. The pmf of X is given by

[}

= 0.31931.

I'.-'lg

¥)(s%a) g 0.1.2.3.4
pﬂﬂ={ (=0 LnE A8

elsewhere.

Clearly, the space of X is D = {0,1,2,3,4,5}, which is also its support. This is an
example of a random variable of the discrete type whose distribution is an illustra-

tion of a hvpergeometric distribution



Exercise

1.5.5. Let us select five cards at random and without replacement from an ordinary
deck of playing cards.

(a) Find the pmf of X, the number of hearts in the five cards.
(b) Determine P(X < 1).
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! -5 5 &)
Heve | the Rov. X, dendles he neonnber
of.. b«v"}f A A 7(./4 Canels /Yd\vw
ot Aanelem ﬁ‘e«w Ahe cloctl 7,, - iy/d)mf
Loands S X o Aatd®  Vetnes
O F 2 + = s

) 4 2

Since ';rls«'re,/ e 13 .A—A'v--lr‘ &
iy ke Plogriy St
Moy, 2 nambe. 7 Nuy_c 'fkrl.-"'"‘
Emn Seleetd e~ Humber Y Ao ansi

= o
e /2 Coe ﬁ(,r.. ¢

¢ M et Z-\I S rwnals -%rm - M‘:‘ at

me; 1? ()(::».*7::" J)( Y- hu ‘W"V; j)w :
=k 25
Co * S=v

~Aded 5§ ofha e bt ¢



o pUxZ1)s P(X=o o L)
=P (X=0)+ Pee=s()

- . CSQZ_S-:. )2»37(9
| e

Exercise

1.5.6. Let the probability set function of the random variable X be Py (D) =
Ip flz) dz, where f(z) = 2z/9, for z € P = {z : 0 < x < 3}. Define the events
Dy={z:0<z<1}and Dy = {z:2 < x < 3}. Compute Py (D), Px(D:), and
le:Dl I Dz}

Solution:
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Exercise
1.5.8. Suppose the random variable X has the cdf

4

0 L |
Flr)=4 &= —d1<z<l
1 1<z,

Write an R function to sketch the graph of F(z). Use your graph to obtain the
probabilities: (a) P(—3 < X < 2); (b) P(X =0); (c) P(X =1); (d) P(2 < X <3).
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Definition 2.4 (Discrete Random Variable). We say a random variable is a
discrete random wvariable if its space is either finite or countable.

Definition 2.5 Continuous Random Variables). We say a random variable is a

continuous random variable if its cumulative distribution Sfunction Fy(x) is a
continuous function for all z € R.

Definition 2.6 (Probability Mass Function (pmf)). Let X be a discrete random
variable with space D. The probability mass function (pmf) of X is given by
px(zr)=P[X =z|, forzeD.

Note that pmfs satisfy the following two properties:

() 0<px(z) <1,z2eD, and (i) ¥, prx(z) =1
Definition 2.7

The support of a continuous random variable X consists of all points o such
that fy(x) = 0. As in the discrete case, we often denote the support of X by S.

Remarks:
If X is a continuous random variable, then probabilities can be obtained by
ntegration; i.e.,

b
Pla < X <b)=Fx(b) — Fx(a) = / Fx(t) dt.

Also, for continuous random variables,
Pla<X<b=Pa<X<b)=Pla<X <b)=Pla<X <bh).

And note that pdfs satisfy the two properties

(i) fx(x) = 0 and (ii) ff‘; fx(t)dt =1.
The second property, of course, follows from Fx (o) = 1.

Example 2.6 Let the random variable be the time in seconds between incoming

telephone calls at a busy switchboard. Suppose that a reasonable probability model
for X i1s given by the pdf

%e"'*‘rd 0<x< oo

fx(x) = { 0 elsewhere.

MNote that fx satisfies the two properties of a pdf, namely, (i) f{z) = 0 and (ii)
=1 —xf4 —x 4 -
—e dr = —e = 1.
o 4 0
For illustration, the probability that the time between successive phone calls exceeds
4 seconds is given by

P(X > 4) = f %e_rﬂd:r =e ! = 0.3679.
4



