
2. Random Variables 

We begin the discussion with a very simple example.  

Example: Let the random experiment be the toss of a coin and let the sample space associated 

with the experiment be C = {H, T}, where H and T represent heads and tails, respectively. 

 

Let X be a function such that X(T) = 0 and X(H) = 1.  

 

Thus X is a real-valued function defined on the sample space C which takes us from the sample 

space C to a space of real numbers D = {0, 1}.  

 

We now formulate the definition of a random variable and its space. 

 

Definition 2.1. Consider a random experiment with a sample space C. A function X, which 

assigns to each element c ∈ C one and only one number X(c) = x, is called a random variable. 

The space or range of X is the set of real numbers D = {x : x = X(c), c ∈ C}. 

 

Definition 2.2. We call random variables of the first type discrete random variables, while we 

call those of the second type continuous random variables. 

 

Definition 2.2a Consider X is a discrete random variable with a finite space, D = {d1, . . . , dm}.  

Define the induced probability distribution of X , the function pX(di) on D by 

 

pX(di) = P[{c : X(c) = di}], for i = 1, . . ...                      (2.1) 

 

Definition 2.2b. Suppose, X is a continuous random variable, then D is an interval of real 

numbers. We determine a nonnegative function fX(x) such that for any interval of real numbers 

(a, b) ∈ D, the induced probability distribution of X, pX(·), is defined as 

pX[(a, b)] = P[{c ∈ C : a <X(c) < b}] = ∫ fX(x) dx
𝑏

𝑎
       ....(2.2) 

 

Definition 2.3 (Cumulative Distribution Function). Let X be a random variable. 

Then its cumulative distribution function (cdf) is defined by FX(x), where 

 

FX(x) = PX((−∞, x]) = P({c ∈ C : X(c) ≤ x}).         …………                         .(2.3) 

 

 We can write, P({c ∈ C : X(c) ≤ x}) to P(X ≤ x).  

 

Example 2.1. Suppose we roll a fair die with the numbers 1 through 6 on it. 

Let X be the upface of the roll.  

Then the space of X is {1, 2, . . . , 6} and its pmf is pX(i) = 1/6, for i = 1, 2, . . . , 6.  

 

If x < 1, then FX(x) = 0.  

If 1 ≤ x < 2, then FX(x) = 1/6. 

 

 

 



Example 2.2. Let X be the number chosen at random from the interval (0, 1).  

In this case the space of X is D = (0, 1). Because the number is chosen 

at random, it is reasonable to assign 

 

PX[(a, b)] = b − a, for 0 < a < b < 1.              (2.4) 

 

It follows that the pdf of X is 

 

fX(x) =  1 0< x < 1, and = 0 elsewhere. 

 

Then, we have 

 
 

 
 

 

 

 
  

Note that we have 
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Remarks: 

 

And,  
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