3.2 COMPARISON TESTS FOR POSITIVE TERM SERIES

For a given series Xa,, there are mainly two types of problems to investigate - first,
whether Xa, is convergent. Second, if Xa, is convergent, what is its sum ? There are
several results to help us deal with the first type of problems. These results are known as
'tests' for convergence of series. The second problem is quite difficult at times. In fact

there are many examples of convergent series whose exact sum is not known.

If the terms of a series Za, are non-negative, then the associated sequence of partial sums

(S,) 1s an increasing sequence. This can be easily verified as S, - S, =a,4; = 0.

As a consequence, the sequence of partial sums converges if it is bounded, in view of the

Monotone Convergence Theorem. We shall use this fact in the following proofs.

Theorem (Comparison Test) 3.2.1. Let 0<a, <b, foralln € N.

(a) If b, converges, then Xa, converges
(b) If Xa, diverges, then b, diverges.
Proof. (a) We write S, =a; +a,+... +a,, T,=b;+b,+ ... + b,.
Then S, <T, for alln € N. As Zb, converges, (T,) is convergent.
Let lim(T, ) =T. Since, (T,) is an increasing sequence, we have
T =sup{T, :ne N}
by the Monotone Convergence Theorem.
Hence, T,<T forallne N.
As a result we have,
S, <T,<T foralln e N.
Thus, (S,) is an increasing sequence which is bounded above.
Therefore (S,) is convergent. That is, Xa, converges.

(b) It follows from (a), because if b, converges then Xa, must converge by (a), giving us

a contradiction.

n+2

Example 3.2.2. (a) The series Zn—+2 has its n" term a, = .
n=1 n3n n.3n

Now, n—+2=1+
n

g£3 for alln € N.
n



Hence,

a, < foralln e N

n

3"

. . . 1 . 1 . .

Since the geometric series *—— is convergent (as r=§<1 here), the given series is
=

convergent, by the comparison test.

(b) The series Zen is divergent as e" >2" for all n € N and the series 2" is divergent

n=l
with r=2.

(©) Zl =1+l+l+l+... 1s convergent.
n! 20 31 4

1
Let a, :E!, bn =2n_1 .

Since n! > 2" foralln € N.
We have,

<b foralln e N

a'Il_ n

. 1 1
Now, the series ZF converges as r = 5 here.
. 1 .
Hence, by the comparison test, Z—' 1S convergent.
n:

Theorem (Limit Comparison Test) 3.2.3. Let Xa, and Zb, be two series of positive

terms. If the sequence (2—“] converges to a finite positive limit, then both Xa, and Xb,

n

converge or diverge together.

an

Proof. Suppose that lim(b j =L>0. Then for ¢ = % , there exists m € N such that

n

<% foralln>m

Thus, L—£<a—n<L+% foralln >m



= %bn <a, <37Lbn foralln>m (i)

Now, if Y a, converges, so does » a, by Theorem 3.1.9.

n=1 n=m

0

Then by the comparison test, ZEbn converges in view of the first part of inequality of

n=m

().

This implies that » b, and hence ) b, converge, again by Theorem 3.1.9.

n=m n=1

It an converges, we use the second part of the inequality of (i) and argue similarly.

n=1

Similarly, divergence of » a, implies divergence of )b, and vice—versa.

n=1 n=1

Corollary 3.2.4. Let Za, and Xb, be positive term series. If lim (E—HJ:O and Xb, is

n

convergent, then Xa, is convergent.

Proof. We take € = 1. Then there exists m € N such that

g

n

<1 foralln>m

= a,<b foralln>m

n n

Then following the argument of Theorem 3.2.3, we find that Xa, is convergent.

Remark. For two positive term series Xa, and Xb,, if limLa—“j =0, then above corollary
n

says that if Za, converges, so does Zb,. But what can you say if lim (Z—nj =0 and Xa,

n

converges ?

1
, x>0
3" +x

Example 3.2.5. Test the convergence of the series )



1

Solution. Here a, =
3" +x

We take b, :3%.

n
Then lim| 22 |=tim| > |=1
b, 3" +x

. : 1 1 . .
Therefore, by the limit comparison test, Xa, converges as Zb—:Z3—n is a geometric

n

. . 1 .
series with r= 3 and hence is convergent.

In the above examples, while applying the comparison test, we have used the geometric

series as our 'testing series' . However, any series, whose behaviour is known, can be used

. . 1 . .
for this purpose. One such series is Z—p, known as p-series. Below we provide a result
n

stating the behaviour of p-series, so that we can use it in the comparison tests.

Theorem 3.2.6. The series Zip converges if p > 1 and diverges if p < 1.
n=111

We shall provide a simple proof of this result later in Section 3.4 by using Cauchy's
Integral test (see Example 3.4.2). However we use the result here as a tool for comparison
test.
Forp =1, we get

1 1

Z—=1+—+1+...+l+...
n 2 3 n

This series is known as 'harmonic series'. It is divergent as p = 1 here.

- I o1 I
Forp—2,wegetZn—2:1+2—2+3—2+4—2+...+n—2+...

which is convergent as p = 2 here.

You may notice here that bigger is the value of p, smaller is the value of Lp. In fact,
n

. 1 . .
with p > 1, the terms of Z—p are small enough to give a finite sum.
n



Example 3.2.7. Test for convergence the series

1 V2 3 V4
———+— ...
3 5 7 9

Jn

Solution. Here a, =

2n+1

. 1
For large value of n, a, behaves as ﬂ, that is, as —

2n 2Jn
1
Therefore, we take, b, =—
" Vn
Then 2n_— Vn /L: n
b, 2n+1 +Jn 2n+1

which is finite and positive.

Hence, by the limit comparison test, Xa, and Xb, converge or diverge together.

. I . . . 1 . . ..
Since, ¥— 1is a divergent series, as X— diverge for p < 1, the given series is also

vn nP

divergent.

Example 3.2.8. Test for convergence the series £(Vn®+1-n>)
1

\/n6+1+n3

1
For large values of n, a,, behaves as poel
n

Solution. Here a, =vn%+1-n®= (on rationalizing)

1
Hence, we take, b, = —
n

3
Then 20— n = !
n \/n6+l+n3 \/1+1+1
6

n




fim| 20 | = fim| L |=1
by ] 2

+—+1
n®

which is finite and positive.

Hence, by the limit comparison test Za, and ~b, converge or diverge together.

1 . . ..
However, £— is convergent by the p—test as p = 3 here. Hence, the given series is
n

convergent.

ILLUSTRATIVE EXAMPLES

For comparison of series, the following inequality is often helpful

Inn<n<e” foralln e N.

1. Test for convergence the following series
(@) Ttan™ (lj (b) 3+ ©) Sefn
n n n
Inn Inn Jn
(d) 2—- (e) Z—- (2 —
n n nn
1 1 .\ <Inn
r— h) X—
(&) 2 — (h) o 2=

. 2
() sznmn (k) z{ﬁ} (1) Z[Vn+1-Vn]

(m) Z(vn*+1-n?)

Solution. We write a_ = tan™! (l} and take b, = !

n n
-1
Then, lim | 20 | = fim 22 (/n)
n—o| b, n—>0 1/n
-1
= imtan 6, where 9=l
6—0 0 n




Now, the series b, is divergent as ZLp diverges forp =1
n

.. . . < a1 .
Hence, by the limit comparison test, the series Ztan 1(—} diverges.

n=1 n

(b) Here a, = Ln Forn>2, n" >2". Hence
n

LSL foralln>2
n" 2"

. 1 . . . 1 .,
Since ZZ—H is a G.P. series with |r| =3 <1, 1t is convergent.

. 1.
Hence, by the comparison test Z—H 18 convergent.
n

(c) Here a, =sinl. We take b, :l.
n n

Then, lim(a—“] =1.
b

n

. . N .
Therefore, by the limit comparison test Xsin— diverges, as 21 diverges by the p-test.
n n

(d) Wehave, 1 <Inn<n foralln>3.

Accordingly

for all n > 3.

1
Therefore, we choose, b, = —77 Then
n

n
b, n? Jn

Here we apply L'Hospital's rule (please see Theorem 7.2.4, for details) in the following

a, Inn 3, Inn

way

N—"

. Inx(oo o (/x . 2

Im —|—|=1lim ——%=1 — =0

XE)I‘:O\/X (Ooj Xl—rfc}o[ 1 j xl—rgo(wlx)
24X



Hence, lim(a—“] =0.

n

. . 1 | .
Since Xb, 1s convergent, as Z—p converges for p > 1, Zn_zn is convergent by Corollary
n n

of the Comparison Test.

(e) Use the fact that 1n_3n < 13 = iz foralln>1.
n~ n’ n
() a, :ﬂ
Inn

As nn<n for all n, we have

Yn _vn_ 1

—=— foralln.

Inn n \/H

Now, 2L 1s divergent as p = % <l1.

Jn

Hence, the given series is divergent by the comparison test.

(g)Hint: Inn<n

(h) Hint: —— <L
2" 4+n 2"
(1) Hint : ln—nSE: 1 < !
n! n! (n-1)! 272
R 2+sinn _ 3
(j) Hint : o < I
(k) Hint: — <1
[n+(=D"]" (n-1)
(1) Hint : Rationalize, take b, = L
n

(m) Hint : Rationalize, take b, = Lz
n

2. If Xa, is a convergent positive term series and p > 1, then Za® is also convergent.

Solution. First we show that a, <1 ultimately.

Since, Xa, is convergent, lim(a,)=0.




Hence, for € = 1, there exists m € N such that
la, —0|<1 for alln > m
That 1s,

a, <1 foralln>m

n
Now, forp>1,
ab <a, foralln>m,as a, <lI.

Hence, by the comparison test, Zaf is convergent.

3. Check whether the series

ﬁm4+d§m7+£m1o+Jﬁm13+
1.2 2.3 34 4.5

converges or diverges.

_V3n-1In(3n+1)

Solution. Here a,
n(n+1)

On neglecting the finite quantities from a,, we get

N\/Hlnn_ Inn Inn

o n2  nvn B n’’?
Therefore, we take b, = %
n
— 3/2
Then, a, _ A/3n 11n(3n+1)'n
b, n(n+1) Inn

1
3—— 1n3+ln(n+l)
n 3

1+ L Inn

n

nm(a—n] =3
b

n




Hence, by the limit comparison test, Za, and b, converge or diverge together. Since,

Inn

o~ converges for p > 1 (See Illustrative Example 3 of Section 3.4), the series
n
Db, = Z% is convergent.

n

Hence, Xa, is convergent.



EXERCISES 3.2

Test for convergence the following series

(a) Zsinl (b) =cot'n? (©) leinl
n n n
11 1 1
1 41 1.1 N
z2—t — h) X —=sin— 2sin—
(2) - an - (h) \/Hsmn (1) s1n2n
() @™ -1,a>0 (k) 3 s n>2
n! Inn
1 sin(1/n!)
m) X n) X——m—= 0) X , x>0
(m) n’lnn ) cos(1/n!) ©) 3" +x
(0) 21.3.5...(2n—1) @ 2(\/114“_\/114_1) ) = 1
2.4.6..2n 341
3+cosn 1 )
z t) X Ye "
OF O @
W 21
1+—
n n

Examine the convergence of the following series

(a) 1+ 21/3+ 21/3+ £/3+... (b) 2+i+i+i+...
4 9 16 1P 2P 3P 4P
P 3P 4P
(©) 2—+3—+4—+...,p>0,q>0 (d) ! + 3 + > +
19 29 34 1.23 234 345
©L2,34,56 343 4,
Tt gt statatate

(g) a+b+a’+b%+a’+b> +....

If Zaﬁ converges, a, > 0 for all n, then show that 2 als0 converges.
n

If a2 and $b> converge, a, > 0, b, > 0, then show that a_b_ also converges.

Show that if Xa, is convergent and a, > O for all n, then each of the following

series is convergent :




(a) Zaj (b) Zajany, (©) Z(ay —apy)

ay

@ Z:lJra

(e) =n'/Ma, 63} 2(1+ljnan

n

6. Test for convergence

2 .65 145 22 .

[+=X+—X"+—X +... +..,x>0
5 9 17 20 41

n

7. Examine for converge the series X ,a>0,x>0.

a +x"
8. If a, >0, b, >0, then which of the following hold :
(a) Za,, Xb, converge implies Xa b, converges
(b) Za,,Za b, converge implies b, converges
(c) XZa, converges, Xb, diverges imply Xa b, converges ?
9. If 0<a, <I and 0<x <1, then show that Za x" converges.
10.  Test the convergence of the series

1 X x2
+ + +.., x>0

1+x 1+x% 1+x°

3.3 RATIO TEST AND ROOT TEST

In the comparison tests, we compare the given series with another series whose behaviour
is known. Similarly in the integral test, we take the help of an integrable function which
coincides with the terms of the given series for the integral values. In the following tests
that we discuss now, no external help is required for determining the convergence of a
given series. Out of these two tests, the root test is stronger than the ratio test in the sense
that root test is applicable whenever the ratio test is applicable. The converse is,

however, not true.

Before proving the ratio test for series, students are advised to revisit the previous chapter

to have a look at the 'ratio test for sequences'.



Theorem (De Almbert's Ratio Test) 3.3.1. Let Xa, be a positive term series and let

4y

lim (Mj —/. Then

(1) If / <1, the series Zan converges;

(1i1))  If /> 1, the series diverges;

(ii1) If /=1, the test fails.

Proof.

Case-(i): I<1.

We choose a real number r such that / <r < 1. (Density property of R guarantees such a

number)

We write € =r - [. Then € > 0. For this g, there exists m € N such that

a
ol _jl<e foralln >m
an
That is,
a
l—ge< 2l c/teforalln>m
an
a
Then o+l <p foralln>m,as/+e=r
a

n

Taking n=m,m+1,...,n—1 respectively in this inequality and multiplying, we get

a a a .
mtl Tmt2 TN crr.r  (n-m times)

Am  Amyl an-q

1 . n-m
This gives, a, <ar" .

a .
or, a, <cr" foralln>m, where ¢=-T", a positive constant.
r

The G.P. series Zcr" in convergent asr < 1.
Hence, by the comparison test and Theorem 3.1.9, Za, is convergent.
Case-(ii) : /> 1

We choose a real number R such that />R > 1.



We write, € = [ - R. For this € > 0, there exists m € N such that

Andl g
a

<g for all n > m.

n

That 1s,

a
[—g<0t 714 ¢foralln>m.

ap

Then R <o+l foralln>mas/—g=R.
a

n
Proceeding as in case-(i), we get

cR" <a,,  for some positive constant ¢ and for all n > m.
Since, R > 1, Xa, is divergent, by the comparison test and Theorem 3.1.9.

Case-(iii). /= 1

. ) 1
Consider the two series Zl and 2—2.

n n
Inxt , we have lim [mj = lm[ij =1
n a, n+1

2
In Zi we have lim [MJ = lun[ij =1.

n2’ a, n+l

. .. 1 . 1 .
But £ — is divergent and £—- is convergent, as 2—p converges for p > 1 and diverges
n n n

forp<1I.

Hence, no conclusion can be drawn if / = 1. Thus the test fails if / = 1.

Example 3.3.2. Test for convergence the following series

n! 1.3.5...2n-1)
@ Z1.3.5.7...(2n—1) () Z1.4.7....(3n—2)

Solution.

@ 1im(M]=1im[ (n+1)! .1.3.5...(211—1))
a, 1.3.5..2n+1) n!




Hence, by the ratio test, the series converges.

) ﬁm(mj _ lim(l.3.5...(2n+1).1.4.7...(3n—2)J
a 1.4.7..(3n+1) 1.3.5..(2n—1)

. (2n+1) 2
=lim =—<1
(3n+1j 3

Hence, by the ratio test, the sequence converges.

n

Example 3.3.3. Test for convergence the series anr“ for any real numbers p and r with

0 <r< 1. Hence, conclude about lim (nprn).
n—oo

Solution. Here, a, =nPr"

Hence,

lim | = lim (n+1)prn+l
a, nPr”

Hence, the series is convergent, by the ratio test.

Accordingly, by the n™ term test, lim(a,)=0.

Thatis  lim (nr")=0.
n—oo
Example 3.3.4. Test the following series for convergence
2 4 6
X X

X
I+ —+—+—+....
2 4 6

for all real x.

Solution. If x = 0, the series converges trivially.



So we assume x # 0. Then, it is a positive term series with

X2n—2
a, = forn>2.
2n-2
d X2n
an Ant1 =~
2n

1im[M] E 1im(2n_2 ij =x?
a, 2n
By the ratio test, the series converges if x* < 1 and diverges if x* > 1.

This means the series is convergent for |x|<1 and divergent for [x|>1.

For [x| =1, the given series becomes

1+l+l+l+... where a, = forn>2.
2 4 6 2n-2
We take b, :l. Then
n
lim| 20 =lim( - ):1
b, 2n-2) 2

Since lim [a—“J is non-zero and finite, ¥a, and b, converge or diverge together. But the
n

series zl is divergent as Zip diverges for p < 1. Therefore Xa, diverges.
n n

Thus, the given series converges for |x| <1 and diverges for |x|>1.

Theorem (Cauchy's n™ root test) 3.3.5. Let Za, be a positive term series and let

lim(a, )" =1.

Then,

(1) If /<1, the series Xa, converges;
(i1)  If /> 1, the series Xa, diverges ;
(iii)) If /=1, the test fails.

Proof. Case-(i) : [ <1.

We choose a real number r such that / <r < 1. (Density property of R guarantees such r).



We write e =r- /. Then £ > 0.

Since, lim (an)l/ " =1, there exists me N such that

a}l/n—l‘<s for alln>m
or [-g<al/"<l+¢ foralln>m.
Then, a/" <r foralln>mas/+e=r.
or, a, <r" for all n > m.

Now, the G.P. series Xr" converges as r < 1.

Hence, by the comparison test and Theorem 3.1.9, Za, converges.

Case-(ii) : /> 1

We choose a real number R such that />R > 1 and we write ¢ =/ - R. Then ¢> 0.

Proceeding as in Case-(i), and replacing / - € by R, we find that there exists my € N such
that

R" <a, forall n>m,.

Now, ZR" is divergent as R > 1. Hence, by the comparison test and Theorem 3.1.9, Za, is
divergent.

Case-(iii) : /=1

. ) 1 1
Consider the series X — and . We have
n n

1/n
lim(lj =lim 11 ; =1
n (n)""

1/n
and lim(iJ :lim(;zl

n2 1,ll/n)2

. . 1 . . 1 .
However, as discussed earlier, £— is divergent and I — is convergent. Hence, no
n n

conclusion can be drawn when /= 1.

Example 3.3.6. Test for the convergence the following series



i > @ -p (i) Y.

Solution. (i) a, =(n'"-1)"

=lim(n!")-1=1-1=0<1

Hence, by the n™root test, the series is convergent.

n2

(i) Here a, =——
(n+1)"
n
lim (a,,)"'" = lim —
(n+D"
=lim ! :l<l

n
€
(1 1)
n

n

(m+1)"

Hence, by the n™ root test, the given series is convergent.

ILLUSTRATIVE EXAMPLES
1. Determine whether the following series converge or diverge
n+1 (n!)? n10"*!
@) Z 2" ®) Z (2n)! © Z o
2n? i n! n!
d e —
( )Z(3n2+lj ( )zn3+4 (f)znn
n’ n’ . )
(8) ZF (h) Zz—n (1) Zne

Oxs(t]  wEh U3

B

(In(n+1))"

n=>2

n+1

Solution. (a) a, = =




a,,, n+2 20 1|1t
T oan+l Y

a, 2" n+1 2| 1

n

Therefore, by the ratio test, the series is convergent.

®)  a,= (2n)!

an+1_((n+l)!J2 (2n)!
a, U n ) (2n+2)!

n

_ (n+1)?
 (2n+1)(2n+2)

_ n+l
2(2n+1)

lim| 204 | — lim _n+l :l<1
a, 22n+1)) 4

Therefore, by the ratio test, the series is convergent.

. 10! .
(c) Hint. a, = HT , apply the ratio test or the root test.
T

2 ) 2
d = =
@ a, [3n2+1J L

()" =2

3+i

n2

lim(an)l/n:§<1.

Hence, by the root test, the series is convergent.

n!
(€) a,=—




a,,  (n+D)! n’+4
a, (n+1)’+4 nl

1+i
3
=(n+)——8 —

. a
hm [H_HJ =00
aIl

Hence, the series is divergent, by the ratio test.

|

(0 a, ==

n

ap,  (m+D)! n"

a, (n+D)™ n!

= 1 nIl
(n+D"

1

fim| 2ot |1 o
a, e

Hence, the series is convergent.

Apply ratio test or root test in the remaining parts.

2. Let Xa, be a positive term series. If lim (mj — 1, then show that lim(a,)"" =1.
aIl

Solution. Let € > 0 be given. Then there exists m € N such that

a
St fcg foralln>m
an
a
or [—-g<2tl c74¢ foralln>m.
a

n

We write, [+ €=M, [ - € =N. Then



N <4l o\ for alln>m (i)

an
Takingn=m, m+ 1, ..., n - 1 in (1) and then multiplying, we get
Am+l Am42 aq ;
N.N..N< ) <MM..M (n-m times)
Am  Amy 4p
= Nom < 3 gnom
am
m

= a—I:lnNn <a, < a—mMn

N M

n n an an
= cN" <a, <dM",  where c=—"-, d=—""
N M

If N > 0, we take the n™ root of each part of the above inequality to get
¢"N<a!" <d""M
Using property of limit superior and limit inferior (See Exercises 2.8), we get
liminf (¢'""N) <lim inf (a!")<lim sup(a.") <lim sup(d'""M)
Since ¢'™ — 1 and d'"™ — 1, we get
liminf (¢""N) =N, limsup(d’/"M)=M.
Hence, N<Iliminf(a!")<limsup(a,") <M.
If N < 1, then clearly liminf (a!")>N as a, > 0 for all n.
Thus, we have
[—g<liminf (a!")<limsup(a")</+& [using (i)]
Since € > 0 is arbitrary, we have
liminf (a!™)=limsup(a!") =1
Hence, lim (a,")=1.

Remark. The above result suggests that the root test is at least as strong as the ratio test
in the sense that if the ratio test proves the convergence or divergence of a positive term
series, the root test will also do it. The following example shows that the root test is
actually stronger than the ratio test.



3. Show that the series T20D"™ is convergent by using the root test, although the

ratio test fails for this series.

Solution. Here a, =2(D" ™"

27 if nis odd
27" ifniseven

2=l if nis odd

2(/m)-1 if niseven

Hence, (a,)"" :{

Therefore, lim(a,)"'" =% as lim(2"™)=lim(27") =1,

Thus, the series is convergent by the root test.

Hl=(n+1)
, nisodd
a y-l-n
Now, -
’ —1—(n+1)
an 2 )
_ niseven
21—11

, nisodd

-, niseven

aIl
series.
4. Discuss the convergence of the series
Z ! 0<g<
P q=p.
P —q
. 1
Solution. Here a, = ——
P —q
a, _ pn+1_qn+1
A pi—q"

_(-9@"+p"'q+..+q")
n n

P —q

2
1
8
Hence, lim[a““J does not exist. Therefore, the ratio test cannot be applied for this




n
As 0 <q<p, we have g<1,sothat lim(ﬂ] =0.
p

P

Hence, we get,

lirn[ %n J:p_ —p or lim(an—“J:l
an+1 1— an p

Therefore, by the ratio test, the series converges if p > 1 and diverges if p < 1.

Q

T Q

The test fails for p = 1.
Ifp=1, we have

1

a =
1-q"

n

lim(a,)=1 as0<q<p=1.
Therefore, the series diverges by the n™ term test.

Hence, the series diverges for p < 1 and converges for p > 1.

EXERCISES 3.3
1. Test the following series for convergence
n n-l ol
® 253 ® 25 © 2
@y © Y+ () T
(n+1! n”+3




Chym Gh o 3)-1]

(Inn)”

i)Y e e

n

1 " n’ +p (cot ' n)"
(m) Z (sm (njj (n) Z3n "y (0) Z —2n

®) z%e“

Discuss the convergence of the series

+oc+1+(oc+1)(2a+1)+(oc+1)(20c+1)(3oc+1)+
B+l (B+D2B+D  B+DEB+HEB+D

Construct a series Xa, such that lim(m] does not exist, but
a

n
(1) Xa, is convergent;

(i1) Za, is divergent.

Construct a series Xa,, a,> 0, such that lim (an)” " does not exist, but
(a) Za, converges;

(b) Xa, diverges.

Test for convergence the following series

3 5 X7

X X
2 >
(a) x+ 3 + 5 + o +.. x=0)

(b) Z(a“)n (a, x > 0)

n!

x" x> x* x°
C — () 1+—+—+—+....
© 2. o (@ e e

2 3 4
R S (x>0)

€
© 1.3 24 35 46



(@ Y 135-20+) 1.3.5..(2n+1) © Z1.3.5...(?1—1)

2.5.8..3n+2) n'3
(h) Z%x“,x>0 @ Zﬁ
0 [f—j-ﬂ_l{j—z-g]_z{;‘_j_g]_ .
(o 3 o B 1+2L+§_j+i_3+‘5‘_j+

12 22 22 32 32 42
_|_

(m) Z(Hﬁy (n) '1! + 2'! + é!

3.4 INTEGRAL TEST

In this test, integration is used to determine convergence of series.

Theorem (Integral Test) 3.4.1. Let Xa, be a series of positive terms and suppose that
there exists a positive, decreasing, integrable function f defined over [1, ) such that f(n)
= a, for every n € N, then the series Xa, converges if and only if the sequence (I,)

converges, where

L= | " f(x)dx

(In other words, Xa, converges if and only if _[loo f(x)dx converges).

Proof. Since f(x) is a decreasing function for x > 1, we have, fork € N

f(k) > f(x) = f(k+1), wheneverk <x <k +1
= az [T fedezay,  [v 0 <g)onfab] = [ feodx<[ f(x)dx]

Taking k = 1,2,...,n-1 in succession and adding, we get



—1

=]

n
n
a, > L f(x)dx > l;ak —a,

~
I

1

or Sy 21, >S, —a;, where S, =a,;+a,+...+a, (1)

. 1
Since I, -1 :J‘n+ f(x)dx=>0,
n

n
(I,) 1s an increasing sequence.
Now, suppose that (I,) converges and lim(I,) =1.
Then, I>1, as I=sup{l,:neN}, by the Monotone Convergence Theorem.
Hence, from (i), we get

S, <1, +a; <I+4q
Thus, (S,) is bounded above.

As (S,) is an increasing sequence, it is convergent by the Monotone Convergent

Theorem.
Hence, Xa, is convergent.
Conversely, suppose Za, converges. That is, (S,) is convergent.
Let 1lim(S,) =S. Then using (1), we get
I, <S,;<S foralln > 2.
Thus, (I,) is bounded above.

Hence, it is convergent, by the Monotone Convergent Theorem.

Remark. The domain of f in the above theorem can be [m, o) for any positive
integer m. The result will hold for Y a, and hence for > a,, in view of

n=m n=1

Theorem 3.1.9.

The integral test is particularly useful in determining the convergence of the so called p-

series Zip for different values of p.
n

Example 3.4.2. The series Zip is convergent for p > 1 and diverges for p < 1.
n



Solution. If p < 0, then the sequence (ipj = (n‘p) diverges to 0. Hence, by the n™ term
n

1 ..
test, Z—p diverges.
n

For p > 0, the function f(x) = Lp 1s positive and decreasing in [1, c0). Now, we have
X

%=fﬂm@

:In de
1 «P
Inx]J! ifp=1
= —p+l n
X ifpl
—p+11
Inn ifp=1
S 1] i
I-p
0 ifp<l1
lim(I,)=
my)=y 1 ifp>1
p—1

Hence, by the integral test, the p-series converges if p > 1 and diverges if p < 1.

Example 3.4.3. Discuss the convergence of the series

! + ! PRI ! +...
2In2 3In3 4In4 S5InS

Solution. We write, a, = 1; ,n>2 and take a; = 0. If we take
nlnn

1

xIn x

f(x)= for x >2

then f is positive, decreasing integrable function with f(n) = a,.

Now, I, = J.zn f(x)dx = Ln XlilX

dx

=Inlnx])



=Inlhn-Inln2
lim (I,) =o0.

That is, the sequence (I,) is divergent.

o0
Hence, by the integral test, the series »_
;Snlnn

is divergent.



ILLUSTRATIVE EXAMPLES

1. Discuss the convergence of the following series
@ 3 ne™ ®) > ne™"
n=1 n=l1

n2

Solution. (a) a, =ne”
Consider the function f(x)=xe = forx> 1

Then, f'(x)=(1-2x")e™ <0 for x > 1.

Thus, f is monotonic decreasing, positive, integrable function with f(n) = a, for all
neN.

_x2 | [ -
I =Inxe x dx=—[e l_e™m }

lim(I,) = 2ie

. . — 2 .
Hence, by the integral test, the series Tne™" is convergent.

(b) a,=ne™"

Consider the function f(x)=xe™ ™ and proceed as above.

2. Discuss the convergence of the series
1 1 1
+ + +..., p>0
2(In2)?  3(In3)* 4(In4)P
Solution. Let f(x)= , p>0

x(Inx)P

Since p > 0, therefore for x > 2, f is a non-negative, monotonically decreasing, integrable

function such that

f(n)= ! , foralln>2.
n(Inn)?

Therefore, by the integral test

> 1 n .
and (I,) where I, = | f(x)dx converge or diverge together.
2 iy I, g ge tog




Now, I, = jzn f(x)dx

_In dx
2 x(Inx)?

In(Inn) —In(In 2), ifp=1
=< (Inn)" P =(In2)"?

, ifp=#l
1-p
0, ifp<1
lim (1)) = I-p
naoo( n) (h’li, ifp>1
p-1

Thus, (I,) converges for p > 1 and diverges for 0 <p < 1.

Therefore, the given series converges for p > 1 and diverges for 0 <p < 1.

3. Show that zln—;l is convergent if and only if p > 1.
n

Solution. If p <0, then a, — .
Therefore, we take p > 0.

Let f(x)=1X
XP

P Inx(pxP™)

oy X
Then, f'(x)= T

_xP(1-pnx)
x 2P

= f'(x)<0 if plnx>1
that is, if x>e!/P.

We can choose a positive integer m such that m > e!/P.

Then, fis a decreasing function for all x > m.

—p+l -p
IHXLX J—J. X dx, p=l

In x

Now, J' _de: -p+1 l-p
X

1 2
—(Inx)"~, =1
2( ) p




) ilnx(xl_p)—(l_lp)z xP, p=l
(inx)? p=1
(1_ ! ] bl

_ I-p (1-p)°
(i), p=

These expressions tend to oo as x tends to co if p < 1.

If p> 1, then as x tends to o, the first expression tends to 0.

Therefore, E ln—;(dx converges if and only if p > 1.
X

Hence, by the integral test, the series Zln—;l converges if and only if p > 1.
n

EXERCISES 3.4
l. Discuss the convergence of the following series
< Inn = 1
a — b
(a) nZ:; " (b) nZ:% i
> 1
C — d
( ) ;n(lnn)NZ ( ) Z (ln )1/2
© Z n(n +1)
2. Discuss the convergence of the following series
(@) > n’e™ (b) > ne™
n=1 n=1
3. Show that Z l)p is convergent, if p > 1 and divergent if p < 1.
n= 1 n—l—
4. Determine the convergence of the series

3 . p>0.
nzn(]nn)zp P




5.

Using Cauchy's integral test, discuss the convergence of the series whose n™ term

1S

1
n(lnn)(Inlnn)?’

n=3,p>0.






