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Definition.
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is said to follow normal distribution with parameters u and o, denoted by X ~
IN(u, o).

A continuous random variable X with pdf f(x) = o< x <oo

Standard Normal Distribution

A normal distribution with mean p = 0 and standard deviation o = 1 is called a
standard normal distribution. It Z is a standard normal variable then its pdt is,
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The standard normal
probability F(b) — Fila) =
Pla=Z<bh)

Let z, be such that the probability is o that it will be exceeded by a random vari-
able having the standard normal distribution. That is, @ = P(Z = 7, ) as illustrated

Two important values for z,
Find (a) 2p.01: (b) 2p,05-

{a) Since F(zpp1) = 0.99, we look for the entry in Table 3 which is closest to
0.99 and get 0.9901 corresponding to 7 = 2.33. Thus zp p; = 2.33.

(b) Since F(zpps5) = 0.95, we look for the entry in Table 3 which is closest to
0.95 and get 0.9495 and 0.9505 corresponding to 7 = 1.64 and 7 = 1.65. Thus,
by interpolation, zj g5 = 1.645. ]

‘When X has the normal distribution with mean g and standard deviation .

Pla<X<b) = F(b_'”’) _ F(G_”)
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EXAMPLE.



Find the probabilities that a random variable having the standard normal distribution
will take on a value

{a) between 0.87 and 1.28;

{b) between —0.34 and 0.62;

{c) greater than 0.85;

(d) greater than —0.65.

Solution. Part (a)

0.0919

I | <

0 087 128 P(087 =Z < 1.28)

Looking up the necessary values in Table 3. for part (a) we get

F(1.28) — F(0.87) = 0.8997 — 0.8078
= 0.0919

Part (b)

’_\\[]_3655

L]

|
—0.340 0.62 P(—034 <Z < 0.62)

F(0.62) — F(—0.34) =0.7324 — 0.3669
= 0.3655



Part (c)

01977
b0 O P(Z=085)
1 — F(0.85) = 1 — 0.8023
= 0.1977
Part (d)
0.7422
| Z
—0.65 0 P(Z - —0.65)

I —Fi(—0.65)=1-0.257T8 =0.7422
or, alternatively,
1 —Fi(—=0.65)=1-[1—=F(0.65)]

= F(0.65)
= 0.7422



Mean and Variance:
Let X ~N(p,o) ,then,
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i.e., V(X) =¢?

There fore Standard Ddeviation = \/V(X) = o

¥ - -

Odd order moments about mean:
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Since the integrand is an odd functioni.e., p2:+1=0,r=20,1,2, ...



Even order central moments:
w2e = 1.3.5...(2r - 1)ox
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Recurrence relation for even order central moments
We have pux=1.3.5...(2r - 1)o?r
u2e+2=1.3.5...(2r- 1)(2r + 1)o*" +2
There fore,

per+2 .
= (2r + 1)o?
H2r '

ie.,
par+2 = (2r + '1)02 p2s

This is the recurrence relation for even order central moments of Normal Distribution.

Using this relationship we can find out the 2nd and 4% moments.
Putr=0then p2 = o
r=1= p4 =30t

Since s =0=pP1=0,y1 =0
Also,p1 = 3—4: =3 and y2=0
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Moment generating function:

Mx(t) = E(e®)
= f_“; et f(x)dx
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1.z 2
e,u,t+§t a

Thus,

1
t+-t2g?
Mx(t) = et 72" 9

TO OBTAIN MEAN, VARIANCE.. THROUGH MGF

To obtain the moments of the normal, we differentiate once to obtain

1,2 2

M) =d" T2 (4 10?)

and a second time to get

1,2 2 _
M) =P T 27 (n 162 + 6]
Setting t =0,

EIX]=M©)=p and EX%)=M"0)=0c>+ u?

soVar(X) = o2 as the notation suggests.
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Additive property:
Let X1 ~N(u1, o1), X2 ~N(uz2, o2) and if X1 and X2 are independent, then
X1 + X2 ~N(u1 + p2, /o3 + 03
Proof:
We have the mgt's of X1 and X2 are respectively,
1
Mya(t) = e;i1t+5t25121
and
1,2 12
+=
Mo(t) = e#2F430 712
Since X1 and X2 are independent

Maai+x2 (t) = Mx l(t) + Mx z(f]

1.2 .2 1.2 .2
_ Bplt-l—zt oli % E"u2t+2t ols

1
_ ulteritt (0 Fod)

i.e.,
PR
X1 + X2 ~N{u1 + u2, V‘Ui+0’§
w L 4
Remarks 1
It X, Xz, ... , Xa are n independent normal variates with mean = p:i and
variance = o7 , ,i=1,2,..,n respectively. Then the variate Y = Y Xi is normally
distributed with mean = Y, ui and variance = Y, o+.

Remarks 2

If X1,X2, .., Xa are n independent normal variates with mean = pi and variance

=g?,,i=12,..,n respectively. Then the variate Y = ¥ ai Xi is normally distributed with
mean= Y. a;u; and variance =Y a% o}, where a:'s are constants.
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Theorem 5.3  Let X have moment generating function M(t) and let @ and b be
constants. Then

Maspx(t) = E(e9PO1) = &7 pm(br)

For instance, the moment generating function of X — p, corresponding to b = 1
and a = —pu, is

My_,(t)y=e M . My(t)

For the Standard Normal Distribution ’

Moment generating function:

—ut

I\«'Iz{t)=Mﬂﬂ:t)=€TMX(£}
—ut t,t2a?

= gT-u Kg-i:r o =g%tz

Normal distribution as a limiting form of binomial distribution

Binomial distribution tends to normal distribution under the tollowing conditions
(). nis very large (n —w)
(ii). neither p nor q is very small.
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Proof:
let X —B(n,p)

Then
Also,

Detfine

Now

Then,

flx)=nCprqnr,x=0,1, 2, ....n
E(X)=np, V(X)=npq, Mx(t)=(q+pet)"

X-EX)_X-—np _ x—u

VX Vapg o

Mz (f] =M%{ £

—ut
=¢e ¢ Mt/ o)

—ut
— oo (qrpet/o)

Iogi-"r_[z,(f) =—T,ut + '”Iog(q+pgt/0'}

—ut t
=——* nlog(q+pe f"U)

=_T'Ut +nlog [ g+ Ja:r('l+t’:—‘!’ +—{:ti‘c;)2 +o. }]
=_TM+'J:Iog[q+p+p(t’;—‘!’+{:t’;‘fl}2 +)]
=_T#t+'ulog[1+;J(t’:—f+gii%)2+......)]
_ o (s P2t (/)2
=Tt+”[f”(f1rl +{/2!) ")_ 2 ({' +{2!J

—THE  TRE TPE VO
a * a +S|5|'2 (1 P)—’_U(n%)
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t? t?
ey +D{%} — 5 as 11—

n2

There fore
1
ML(t) = &3t

This is the mgt of a standard normal variate. So Z— N(0O, 1)

ie.,
X—np )
= — IN(0, 1) as n—oo
npq

X —N(np,,/npq)

when n is very large.

Example.

IF X ~N(12,4). Find
(i). P(X = 20)
(ii). P(0 = X =12)
(ii1). Find a such that P(X > a) = 0.24.

Solution.
We have Z = 22 X712 N0,1)
a 4
(1)
P(X=20)=P(*52 = 22) =P(Z = 2)
—0.5-P(0<2)=0.5- 0.4772 =00228
(11)
— 1 _ 0—12 X—12 o 1z2—12
PO =X =12) -p(22 < 22 o 2222)
—P(-3=Z=0)= P(0 =< Z =3)= 0.4987.
(iii)
Given P(X>a) =O.24:>P(X_;2 - “‘T”)=0.24
— P(Z >“_412) =0.24
a—12

Hence P(0 < Z < 1=0.5 -0.24 =0.26

4
a—12

From a Standard Normal table the value of =071 = a =14.84
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Example.
Find k , if P(X= k) = 2P(X > k) where X ~N (u,0)
Solution.

Given that
P(X=k) = 2P(X > k)
P(X< k)

=2
P(X > k)

PX<K) P>k _

P(X>k) PX>k) >+l

P(Xk)+ P(X>k)
P(X> k)
-1 =
P(X > k)

=3

1
=>P(X>k) = =0333

x— k—
P[ e ’”’]=0.333

o o

K—u

ie,P(Z >

R_
From table TH= 0.44

Thenk=p +044 o

15



EXAMPLE.

If X is a normal random variable with mean 6 and variance 49 and if
PBX+ 8 =A)=PH4X 7zu) and P(5X -2=<p) = P(2X +1= p), tind X and p.

Solution.
Given X ~IN(6, 7)
P(3X +8 =\) = P(4X -7 = )

A L+

4

—P(X= ;8) =P (X =

P(5X 2=pn)=P2X +1=n)

n+2

- o ,_}1—1 )
= P(X =" ) =PX="F—------—- (2)

Since
X—6
X ~N(6,7), £ = - N(0, 1)

_ - o p+7
From(l), P (" © = = °) =P<X S =~ = 6)
a a a a
A—26 .
71

—= P(Z = ) =P(Z = ~—=——
From the standard normal curve,if P(Z =a) = P(Z =b), thena="D

That is
A-26 (;4—1?)
21\ 28

= 4N +3p 155=0------—-- (3)
: X6 _ ‘26 x-6 _ 6
From (2) P |— = 2 —pl*6 = =

—P(Z < %} - P(Z =

_ p—28 (1—13)
35 14

= 5N +2p A21=0 - - - - - -~ (4)

Solving (3) and (4) we get, A = 7.57 and = 41.571

A—13
14 )
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EXAMINATION QUESTIONS :
(2016)

(ii) Show that if X is a.random variable having a binomial
@, then the moment generating function of

distribution with the parameters » and
e Ai—no

e w/rz@(l—é’i

approaches that of the standard normal distribution when n — .

17



Uniform Distribution (Continuous)

A continuous random variable X is said to have a uniform distribution it its pdf is

given by,

. 1
flx)= PR <ab

=0, elsewhere

Properties :

1. aand b (ajb) are the two parameters of the uniform distribution on (a,b).

2. This distribution is also known as rectangular distribution, since the curve 1= f{x)
describes a rectangle over the x-axis and between the ordinates at x=a and x=b.

3. The d.t, f(x)is given by
0,if —wo-<x<g
o) E,a‘i x<bh
1,b< x < oo

Moments:

Mean = E(x)

18



Variance

V(X) = E(X?) - [E(X)]?

b . -b 1
2) — 2004 dr = [P 42 :
E(X?) = | x*f(x)dx =] "x b—adl
1 (x3 )b _ b*-a®
b—a‘ 3 "a 3(b—a)
_b*+ab+ad’
3
Therefore,
V) = btabta? _(b+a)?
{-’ :' - 3 2
_4b*+ 4ab + 4a*- 3b? — 6ab — 3a*
12
_(b-a)?
12
Also,
SD(X) = =2
. vﬁ
EXAMPLE.

For a rectangular distribution,

a2’

. 1 b

x) =—, -1 < x < a, Show that p,, =
f(x) 2a’ ’ Har = 51
Solution.

1 7v=0
2a

We have E(X)= ffax_f{ a)d = f:lax
There fore,

itz = E[X - E(X) ]2 =E[X62r]

a 1
= | _ a?" —dx
—a zZa

1 x2r+1 T
T 2a \2r+1) —a
2 Zr+1 - ———

19



Exponential Distribution

Let X be a continuous r.v with pdf,
f(x) =Netx, x>0,A>0

Then X is defined to have an exponential distribution.

OR

1 e P forx =0, B =0

0 elsewhere

Where A = 1/B.

20



Moments:
Mean,

E(X) =J, xf (x)dx

=7 xhe™*dx

Af, e —dx?tdx

I'3 2
“A\e T

Variance,
V(X) = E(X?) - [E(X)]?

E(X2)= [, x%Ae™™dx

= ?\_[Dm e~ x3-1dx

r3s 2
"\ Te
There fore,
1
V(X) =— -— = —

Moment Generating Function:
Mx(t) = E(et®)
T e — ™ .t —AX .
=], e™xf(x)dx = [~ e™he **dx

o—(A-t)x

—(A-t) ] 0

= \[7 e -0 qy = A|

A t
— (1)1
— (1)
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EXAMPLE.

It X1, X2, ..., X, are n independent random variables following exponential

parameter \, tind the distribution of y =}{',

Solution.

Given that X~exponential with parameter
Therefore,
t
Mx(t) = ('l—I}'1
Then,

M, (t) =MY, x*(t) =] Mx;(t)

e t.—1
- H:‘:l(l _1)

Lt
- (-5
This is the mgf of a gamma distribution with parameter n and A. There fore the pdf of
Y is given by,
?LQU = %ne—l(yu-]f)’ }.' = 0

=0, elsewhere.
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